Any space-filling packing of spheres can be cut by a plane to obtain a space-filling packing of disks. Here, we deal with space-filling packings generated using inversive geometry leading to exactly selfsimilar fractal packings. First, we prove that cutting along a random hyperplane leads in general to a packing with a fractal dimension of the one of the uncut packing minus one. Second, we find special cuts which can be constructed themselves by inversive geometry. Such special cuts have specific fractal dimensions, which we demonstrate by cutting a three-and a four-dimensional packing. The increase in the number of found special cuts with respect to a cutoff parameter suggests the existence of infinitely many topologies with distinct fractal dimensions.
I. INTRODUCTION
Space-filling sphere packings, as the one shown in Fig. 1 , consist of polydisperse spheres and are completely dense in the limit of infinitesimally small spheres. They can be seen as ideal references for highly dense granular packings, which due to their diverse applications are studied experimentally and theoretically [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Spacefilling packings are fractal, and the size distribution of spheres follows asymptotically a power-law, from which the fractal dimension can be estimated.
There are many different types of space-filling packings, constructed with different methods, such as the Apollonian Gasket [9, [15] [16] [17] [18] [19] [20] [21] [22] [23] and its generalizations [24, 25] , Kleinian circle packings [20, 26] , and random packings [27] . This work is about space-filling packings as the one shown in Fig. 1 , which are generated using inversive geometry as in Refs. [19, [28] [29] [30] [31] and which therefore are exactly self-similar. Reference [30] previously showed that the packing in Fig. 1 is not a homogeneous fractal, since two planar cuts have different fractal dimensions; but no further investigation was carried out.
Here, we show that for all the self-similar spacefilling packings constructed by inversive geometry of Refs. [19, [28] [29] [30] [31] , cuts along random hyperplanes generally have a fractal dimension of the one of the uncut packing minus one, what we prove analytically. Nevertheless, these packings are still heterogeneous fractals since cuts along special hyperplanes of a single packing show specific fractal dimensions. We present a strategy to search for such special cuts, which we illustrate on the packing in Fig. 1 as well as on a four-dimensional packing of Ref. [31] out of which one can cut, for instance, the packing in Fig. 1 . Figure 1 . Self-similar space-filling sphere packing, first discovered by Ref. [30] , constructed using inversive geometry. This particular packing is bipartite, such that one can color the spheres using two colors such that no spheres of same color touch. The packing is enclosed in the unit sphere, which is visualized as a surrounding shell. Spheres with a radius larger than 0.005 are shown, and some spheres are removed to allow looking inside the packing.
This study is organized in the following way. In Sec. II, we introduce some general properties of the considered packings. In Sec. III, we deal with cuts of packings where we consider random cuts in Sec. III A, and special cuts, as mentioned before, in Sec. III B. We draw conclusions in Sec. IV. 
II. PROPERTIES OF PACKINGS
We deal with space-filling packings that are constructed using inversive geometry, namely circle inversion, which leads to exactly self-similar packings. Since circle inversion is a conformal mapping, the inverse of a circle with respect to an inversion circle is again a circle. If the original circle lies outside the inversion circle, its inverse lies on the inside and is smaller. This principle is used to generate a space-filling packing from an initial set of disks called seeds, which are iteratively inverted at multiple inversion circles, as shown in Fig. 2 . With each iteration of inversions, more space is filled with smaller disks till eventually all space is covered, evidently leading to self-similar fractal packings. The final packing is invariant with respect to the inversion circles used for generating the packing, since they map the packing onto itself.
A more detailed explanation of the construction method can be found in Ref. [31] , where we show how to generate, using inversive geometry, a variety of packings in two, three, and four dimensions, including all the topologies of Refs. [19, [28] [29] [30] . Circle inversion can be straightforwardly extended to sphere inversion in any higher dimension, such that everything we explain here in two or three dimensions holds analogously for higher dimensions.
Apart from generating packings, circle inversions can also be used to invert a whole packing. That can change the sizes and spatial arrangement of its disks or spheres, but the topology and fractal dimension are invariant with respect to inversion. Figure 3 shows how one can invert a packing in different ways. For example, a highly symmetric packing can be mapped onto an asymmetric one. Furthermore, by inverting a 2D packing with respect to a circle whose center lies on a contact point between two disks, these two disks are mapped onto disks with an infinite radius, i.e., parallel lines that enclose the inverse of the packing. This comes from the fact that an inversion circle maps its own center onto infinity. This kind of configuration is called the strip configuration. The Inversion of a whole packing at different inversion circles (solid). A highly symmetric packing (top left) can be inverted onto an asymmetric one (top right). When the packing (top left) is inverted at an inversion circle with center at a contact point (white point) of two disks which also is a contact point of two inversion circles (dashed) with respect to which the packing is invariant, it is mapped onto a periodic structure enclosed by two parallel lines, i.e., a strip configuration (bottom). In this form the packing has a unit cell with translational symmetry.
packing in between has a finite unit cell with periodic continuation, i.e., translational symmetry, as shown at the bottom of Fig. 3 . The unit cell is bounded by two mirror lines which are the inverse of two tangent inversion circles with respect to which the packing is invariant. By construction, at every contact point of touching spheres, one can find two such inversion circles tangent to each other. Each of the packings considered here from Refs. [19, [28] [29] [30] 32] can analogously be mapped onto a strip configuration, which for any considered dimensions is enclosed by two hyperplanes.
III. CUTTING
To obtain different cuts of a sphere packing, one can cut along different planes. More generally, one can cut along any sphere, since by inverting the whole packing, one can transform every spherical cut into a planar one and vice versa, as shown in Fig. 4 . planes. We use this fact to derive the fractal dimension of random cuts, as explained in the following.
Any cut, planar or spherical, can be mapped onto a planar cut in the strip configuration as shown in Fig. 5(a,b) . The strip configuration has a unit cell with translational symmetry in two dimensions parallel to the two planes that enclose the packing. In this periodic structure, we can look at each unit cell individually. We will generally find that some cells are cut by the cutting plane and some are not. Of the ones that are cut, each individual cell might be cut at a different position by the cutting plane. Let us project all unit cells together with the cutting plane onto a single unit cell as shown in Fig. 5 (c). For the specifically chosen cut in Fig. 5 , this projection results in three different unit-cell cuts. Therefore, the cut has a periodic structure since it can be formed out of a sequence of these three unitcell cuts, infinitely repeating itself. Depending on the orientation of the initial cut, the projection results in a different number of unit-cell cuts as shown in Fig. 6 . If the cut is chosen randomly, it results generally in an infinite number of different unit-cell cuts, as indicated in Fig. 7 . In principle, this is the same as using the wellknown "cut-and-project" method to obtain a quasiperiodic structure as an "irrational slice" of a periodic lattice [33] [34] [35] [36] [37] [38] [39] . Important here is that the density of unit-cell cuts is homogeneous across the whole unit cell. Out of a single sphere of the unit cell, infinitely many disks are cut. In detail, one finds the density of disks of radius r that are cut out of spheres of radius R to bẽ where n(R) is the density of spheres or radius R. When we consider spheres of all radii, a disk of radius r can be a cut out of any sphere of radius R ≥ r. Therefore, we can obtain the density n cut (r) of disks in the cut by considering all spheres of radius R ≥ r. We integrate the densityñ cut (r, R) of disks that are cut out of spheres of radius R, which we defined in Eq. (1), over all R ≥ r to find
(2) The density n(R) of spheres follows asymptotically a simple power law
where d f is the fractal dimension of the packing [17, 19, [40] [41] [42] . From this we assume n(R) = k · R −d f −1 , where k > 0 is a constant. Thus, we find from Eq. (2) that Different special orientations of cutting planes (left) for which the cut can be formed out of a finite number of different unit-cell cuts (right). In the general case of a random orientation of the cutting plane, infinitely many different unitcell cuts need to be combined to form the cut as shown in where Γ denotes the gamma function with Γ(t) = ∞ 0
and we know from Eq. (3) that n cut (r) ∼ r −d f ,cut −1 , where d f ,cut is the fractal dimension of the cut. Therefore, we find d f ,cut = d f − 1, i.e., the fractal dimension of random cuts is always the one of the uncut packing minus one.
B. Special Cuts
To generate a packing we use seeds and inversion circles which together are called the generating setup [31] . Different topologies originate from different generating setups. Nevertheless, some setups lead to the same packing and some generate different packings but the same topology [31] . In the latter case, the packings can be mapped onto each other through a certain sequence of inversions. However, since we are interested in finding special cuts with distinct fractal dimensions in a single packing, we will look for cuts with different generating setups.
Let us first describe how one can find a generating setup of a cut. Like the one shown in Fig. 2a , every generating setup consists of seeds and inversion circles. No seed lies completely inside an inversion circle, such that all its inverses are smaller. To lead to a space-filling packing, the seeds and inversion circles together need to cover all space, as proven in Ref. [31] . In a cut of a sphere packing, every disk is a potential seed for a generating setup. Additionally, we need potential inversion circles, which we find as shown in the following.
From the generating setup of the sphere packing, we can first derive all inversion spheres with respect to which the packing is invariant. As shown on a two-dimensional example in Fig. 8 , all inversion spheres together with all mirror planes of the generating setup need to be iteratively inverted at each other to find all inversion spheres with respect to which the packing is invariant. Given these inversion spheres of the packing, we can derive the inversion circles of the cut. Unlike every cut of a sphere results in a disk, not every cut of an inversion sphere is also an inversion circle in the cut. Considering a single inversion sphere, only when cutting perpendicularly to it, the resulting circle is an inversion circle in the cut as shown in Fig. 9a . This is topologically the same as that only when one cuts perpendicularly to a mirror plane, the intersection line is a mirror line in the cut. Considering multiple inversion spheres, there is one additional way how an inversion circle can appear in a cut. Any circle, which is the intersection of two inversion spheres that intersect each other perpendicularly, is an inversion circle in the cut as shown in Fig. 9b . That is topologically the same as that the intersection line of two mirror planes perpendicular to each other turns out to be a mirror line in the cut. Apart from the here derived inversion circles which are cuts of inversion spheres, there could in principle also appear inversion circles in a cut which do not lie on the surface of any inversion sphere, but for simplicity, we neglected this more complex scenario.
After having found all disks and inversion circles of a cut, one needs to check if they together cover all space. If they do, one can, to end up with a generating setup, neglect every disk and inversion circle whose center is inside another inversion circle. These disks and inversion circles are redundant since they can be generated from a larger disk and inversion circle, respectively, by inverting at the inversion circle in which their center lies.
For a given smallest radius of spheres and inversion spheres of a packing, one can for a random cut generally not find a generating setup, because in general one finds no inversion circles in a random cut, which one would need to find to be able to cover the empty space between the disks. To find cuts that we can generate, we use the following strategy. We first find all inversion spheres larger than the radius r find . We want to find cuts in which the cuts of these inversion spheres appear as possible inversion circles (compare Fig. 9a ). We divide the inversion spheres into the ones that intersect the unit sphere (outer inversion spheres) and that do not (inner inversion spheres). We then find all spherical cuts that are perpendicular to three outer inversion spheres and one inner, and all planar cuts that are perpendicular to three outers. We chose this strategy for its computational efficiency since every special cut needs to contain at least three outer and one inner inversion circle, and there are many more inner than outer inversion spheres.
Since some cuts lead to the same topology, we rule some multiple appearances out the following way. We only consider cuts that have no inverses larger than themselves and whose centers lie in a chosen area bounded by mirror planes of the packing, where the center of a planar cut lies at infinity in the direction of its normal vector. Some topologies might still appear multiple times, which cannot be mapped onto each other with a single inversion, such that one has to sort them out separately. This comes from the fact that for the particular packing considered here, one can even map the spheres directly touching each other onto each other not by a single inversion but by a sequence of multiple inversions. For all pairs of topologies with overlapping confidence intervals of the fractal dimensions, determined numerically as described later, we therefore made a topological comparison, as explained in detail in Appendix A, to judge if they are different topologies or not.
Using the described strategy, we searched for special cuts in the packing shown in Fig. 1 . We generated the packing down to a smallest radius of spheres and inversion spheres with respect to which the packing is invariant (compare Fig. 8 ) of r min = 0.005. For the smallest radius of inversion spheres considered to define the cutting sphere or plane, we chose r find = 0.2. We found 32 special cuts resembling different topologies. Their rescaled generating setups can be found in Fig. 10 , and their fractal dimensions in Fig. 11 . The fractal dimensions were determined as in Ref. [31] , considering the packings with all disks of radius larger than e −12 . We plot the num- ber of different found topologies versus the search cutoff radius r find in Fig. 12 . The number of found topologies N seems to follow a power law N ∝ r −α find . For cuts for which we did not find a generating setup, we cannot be sure if they are special cuts or not, since we only cut spheres and inversion spheres larger than r min = 0.005. Considering a smaller r min , one might find a generating setup. We therefore estimate α for different r min to make a prediction for the limiting case r min → 0. We assume the estimated α is linearly dependent on r min as shown in the inset of Fig. 12 . We conclude for r min → 0 that α = 1.78 ± 0.16. This suggests that one will find an infinite amount of special cuts corresponding to different topologies in the limit of r find → 0 and r min → 0. We assume this to be true for any three and higher-dimensional packing.
To demonstrate that our cut strategy can analogously be applied to higher-dimensional packings, we also cut a Figure 11 . Ranked fractal dimensions of special cuts shown in Fig. 10 . The dashed line indicates the fractal dimension of random cuts in general, which is one less than the fractal dimension of the uncut packing. Confidence intervals are smaller than the symbol size.
four-dimensional packing of Ref. [31] . According to the definition and nomenclature in Ref. [31] , this packing can be constructed from a generating setup based on the 16-cell with outer inversion spheres placed in the direction of its faces and seeds in the direction of its vertices, which we choose to lie at (±1, 0, 0, 0) and its permutations, and belonging to family 1 with parameters b = c = 0. Its fractal dimension is 3.70695 ± 0.0003 [31] , such that for random cuts one would find a fractal dimension of one less in the range of 2.70695 ± 0.0003. For r find = 0.5 and r min = 0.05, we found four special cuts which are shown in Fig. 13 together with their generating setups, which we order according to their fractal dimensions which we found to be 2.780581 ± 0.000003, 2.735424 ± 0.000005, 2.70812±0.00002, and 2.588191±0.000005. All are planar cuts through the center of the packing with normal vectors along (1, 1, 1, 1),(1, 1, 1, 0),(2, 1, 1, 0), and (1, 0, 0, 0) , respectively. The second and the last cut are topologies discovered previously and the first and third cut are new discoveries. The last cut is exactly the packing of Fig. 1 . The second one is the topology that according to Ref. [31] can, for instance, be constructed from a generating setup based on the tetrahedron with outer inversion spheres in the direction of its faces belonging to family 2 with parameters b = 0 and c = 1. Due to the high computational effort needed to find special cuts in a four-dimensional packing, we chose a relatively large radius r find = 0.5 for the smallest inversion spheres considered to define our cuts. Even though we only found four special cuts in this case, we expect for any four-and even higher-dimensional packing to find, analogously to r min =0.005 N∝r find - Figure 12 . The number of different found topologies N versus the smallest considered radius r find of inversion spheres to define the cut for smallest considered cut spheres and inversion spheres of radius rmin = 0.005. We find that N can be approximately described by a power law N ∝ r −α find . Inset: estimates of the exponent α versus different rmin. We assume the estimated α is linearly dependent on rmin such that we predict for the limiting case of rmin → 0 that α = 1.78 ± 0.16. This suggests that in the limit of rmin → 0, one can find infinitely many different topologies for r find → 0.
the three-dimensional example before, an infinite number of special cuts, which correspond to different topologies, in the limit of r find → 0 and r min → 0.
IV. CONCLUSION
We have shown that self-similar space-filling sphere packings created by inversive geometry as in Refs. [19, [28] [29] [30] [31] are inhomogeneous fractals but that random cuts generally have a fractal dimension of the one of the packing minus one. We presented a strategy to look for special cuts with distinct fractal dimensions which allows identifying many different topologies out of a single packing. Our numerical analysis suggests that in the limit of a vanishing cutoff of smallest considered radii, one can find infinitely many special cuts corresponding to different topologies. This allows using packings in higher than three dimensions to find new two and three-dimensional topologies, whose direct construction setup is far from being trivial.
Reference [30] previously found two planar cuts of the packing in Fig. 1 with different fractal dimensions, without further investigation. After the detailed analysis here, we know that one of these two cuts is the special cut shown in Fig. 10(d) , and the other one is a cut with the fractal dimension of the uncut packing minus one, which can not be constructed itself by inversive geometry. Bipartite sphere packings like the one in Fig. 1 have drawn attention since they allow all spheres to rotate simultaneously in a specific way without any slip between neighboring spheres as shown in Refs. [32, 43, 44] , such that some packings even allow the prediction and control of the slip-free rotation state [32] . Regarding bipartite packings, it is still unknown if some can be used as a bearing to decouple the motion of two parallel planes as suggested in Ref. [31] . By cutting four-dimensional bipartite topologies, one might be able to find threedimensional sphere packings with previously unknown mechanical functionalities regarding their slip-free rotation state. Generating setups (top) of special cuts (bottom) out of a four-dimensional packing of Ref. [31] . (top) Inversion spheres in light grey and black and seeds in color. (bottom) Some spheres are removed to allow looking inside the three-dimensional cuts. The fractal dimension of the four-dimensional packing is 3.70695 ± 0.0003. The ones of the three-dimensional cuts are from left to right 2.780581 ± 0.000003, 2.735424 ± 0.000005, 2.70812 ± 0.00002, and 2.588191 ± 0.000005, where the first and third cut are newly discovered topologies whereas the second is previously known from Ref. [31] and the last one is the packing in Fig. 1 . To judge if two different packings are the same topology or not, one can carry out a topological comparison. If two generating setups of the different packings are topologically equal, the packings are the same topology. Since a single packing can have different generating setups, one first needs to define a type of setup that is topologically unique for the resulting topology. We define a topologically unique setup as the minimal generating setup of a packing, i.e., the setup with the least amount of seeds and inversion spheres needed.
Therefore, we first find from the generating setup of each packing a minimal setup. We explain this procedure at the two-dimensional example in Fig. 14, which can be analogously applied to any higher dimension.
We start with the original setup (Fig. 14a) and first find all mirror lines, which in a setup can be used as inversion circles of infinite radii. Seeds are only allowed to intersect inversion circles, including mirror lines, perpendicularly, otherwise, they have to lie outside of them. Therefore, we need to define which side of the mirror lines we consider as the outside. We choose an arbitrary point P in space that we declare to lie outside of all mirror lines, where P should not lie on a mirror line itself. We then neglect every inversion circle and seed that lie inside a mirror line. As shown in Fig. 14b , this already leads to a reduced setup. From there, we check if any two inver- sion circles or any two seeds can be mapped onto each other by a new inversion circle. If we find such an inversion circle as shown in Fig. 14c , we add it and iteratively invert every seed and inversion circle at inversion circles who they intersect with an angle larger than π/2. We do this to find the largest inverses of each seed and inversion circle which lies outside all mirror lines.
In the resulting setup, certain inversion circles and seeds might exist multiple times, such that we only keep a single instance of it. We check if this setup is valid, i.e., if it fulfills all constraints as discussed in detail in Ref. [31] . If it is a valid setup, one needs to proof that it leads to the same packing as the original setup. One can do this by inverting every seed and inversion circle of the original setup iteratively at the inversion circles of the newly proposed setup, till one found the largest inverse of each original seed and inversion circle which lays outside of all mirror lines. If every of these largest inverses is equal to a seed or inversion circle of the newly proposed setup, respectively, we know that the original setup can be generated from the newly proposed one. Therefore, the newly proposed setup leads to the same packing as the original one. One needs to continue to try to reduce every newly accepted setup the same way, till one cannot minimize it any further, to be sure to have found the minimal setup, as the one shown in Fig. 14d .
After having found two minimal setups for two differ-ent packings, one can topologically compare them. The whole topological information lies in the arrangement of the seeds and inversion circles, i.e., in the way the touch and overlap each other. The seeds and inversion circles form a network, where two elements are connected if they intersect or if they are tangent to each other. The kind of connection, i.e., the intersection angle or the fact that they are tangent, can be seen as a weight or label of the connection. If one can find a bijection between the two networks as shown in Fig. 15 , the two packings are the same topology, otherwise, they are different.
